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This paper addresses the integral energy fluxes in natural and controlled turbulent chan-
nel flows, where active skin-friction drag reduction techniques allow a more efficient use of
the available power. We study whether the increased efficiency shows any general trend
in how energy is dissipated by the mean velocity field (mean dissipation) and by the
fluctuating velocity field (turbulent dissipation).
Direct Numerical Simulations (DNS) of different control strategies are performed at
Constant Power Input (CPI), so that at statistical equilibrium each flow (either uncon-
trolled or controlled by different means) has the same power input, hence the same global
energy flux and, by definition, the same total energy dissipation rate. The simulations
reveal that changes in mean and turbulent energy dissipation rates can be of either sign
in a successfully controlled flow.
A quantitative description of these changes is made possible by a new decomposition
of the total dissipation, stemming from an extended Reynolds decomposition, where
the mean velocity is split into a laminar component and a deviation from it. Thanks
to the analytical expressions of the laminar quantities, exact relationships are derived
that link the achieved flow rate increase and all energy fluxes in the flow system with
two wall-normal integrals of the Reynolds shear stress and the Reynolds number. The
dependence of the energy fluxes on the Reynolds number is elucidated with a simple
model in which the control-dependent changes of the Reynolds shear stress are accounted
for via a modification of the mean velocity profile. The physical meaning of the energy
fluxes stemming from the new decomposition unveils their inter-relations and connection
to flow control, so that a clear target for flow control can be identified.
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1. Introduction
Drag reduction in turbulent flows, and in particular skin-friction drag reduction in wall-
bounded turbulent flows, is attracting scholars since the early days of fluid mechanics.
Its goal is achieving a more energetically efficient flow system, yielding large economical
savings and emission reductions for the global transport sector. Nowadays, a number of
techniques exist, either passive or active and at various levels of technical readiness, which
promise to successfully reduce turbulent friction drag. Its successful reduction is not only
entailed with practical significance, but also helpful to advance our understanding of the
physics of near-wall turbulence. The main question addressed in this paper is: How are the
global energy fluxes (i.e. power input, transfer rates between mean and turbulent kinetic
energy, and energy dissipation rates) modified in a fluid system where drag reduction
enables increased energetic efficiency?
From an energy standpoint, an incompressible turbulent flow, however complex, can be
thought of as a dissipative system that requires external energy to operate: homogeneous
isotropic turbulence is not sustained without some external energy input, and a fluid in
a duct only flows when a pump is present or a pressure gradient is established by means
of external forces. The simplest wall-bounded flow is the plane Poiseuille flow, contained
between two parallel, indefinitely large walls. The flux of energy through this system is
described, at the highest level of compactness, by the time-averaged rate at which energy
enters the system (i.e. the pumping power Πp and possibly an extra control power Πc if
active flow control is considered), which must equal, at statistical equilibrium, the time-
averaged rate at which energy is dissipated via viscous mechanisms (i.e. the total viscous
dissipation).
If one adopts the conventional Reynolds decomposition of the velocity vector into a
time-averaged and a fluctuating field, pumping energy is associated with the mean flow
alone, while energy dissipation rate is split into one part φ associated with the dissipation
of the time-averaged velocity field, and another part  associated with the fluctuating
field. Hence:
Πp + Πc = φ+ .
When applied to the kinetic energy of the flow, the Reynolds decomposition separates
the kinetic energy of the mean flow (MKE) and the turbulent kinetic energy (TKE).
Since these two energies are decoupled, a compact energetic description of a channel
flow is obtained by means of the so-called energy box (Quadrio 2011; Ricco et al. 2012).
Though simplified by the volume- and time-averaging, the energy-box description still
highlights the energy transfer process from the mean to the fluctuating field, embodied
by the production P of turbulent kinetic energy (acting as a sink for MKE, but as a
source for TKE).
The energy box for a channel flow with control is schematically depicted in Fig. 1.
The control system is assumed to introduce spatial or temporal velocity fluctuations,
thus supplying energy to TKE (Πc in Fig. 1 enters the TKE box). Of course, control
strategies do exist (see for instance Sumitani & Kasagi 1995; Xu et al. 2007) which
directly supply energy to the mean field; the present approach could be easily modified
to account for it. Under the assumption that Πc feeds TKE it holds that:
Πp = φ+ P, Πc + P = .
We want to understand whether an improvement of energetic efficiency via flow control
is connected to generally valid changes in one of the energy-dissipating quantities, e.g.
an increase/decrease of . If this is the case, maximising/minimising  could become
the control objective in smart control loops that aim at energetic savings through skin-
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Figure 1. Schematic of the energy box for a turbulent channel flow, divided in MKE (mean
kinetic energy) and TKE (turbulent kinetic energy) sub-boxes.
friction drag reduction; and a substantial hint would be available for the development of
RANS turbulence models capable of indirectly representing drag-reduction techniques.
In literature, a number of studies discuss the behaviour of  in drag reduced flows. Some
report a decrease of  (Dimitropoulos et al. 2001; Ge et al. 2013; Agostini et al. 2014),
while others an increase of  (Ricco et al. 2012; De Angelis et al. 2005).
The observed variations of  and φ are strongly linked to the way the comparison
between the uncontrolled and controlled flow is carried out (Frohnapfel et al. 2012). If
the two flows are compared by enforcing the same mean pressure gradient (CPG), flow
control results in an increase of the flow rate; as a result, the controlled flow is driven
with a larger pumping power input, and φ+  increases. In contrast, if one compares two
flows at constant flow rate (CFR), the effect of flow control on φ+  is undefined. In fact,
drag reduction in the controlled flow yields a decrease of the pressure gradient and thus
a decrease of Πp (given by the product of pressure gradient and flow rate). φ +  may
increase, decrease or not vary at all depending on the magnitude of Πc.
The Constant Power Input (CPI) condition has been recently proposed (Hasegawa
et al. 2014; Quadrio et al. 2016) as an alternative approach for flow control. With CPI,
the simulation is set up in such a way that the total power input to the flow system is
kept constant. A flow control strategy successfully improves the energetic efficiency of the
system when the bulk mean velocity is increased compared to a natural channel flow at the
same given total power. Since active flow control requires a certain (often non-negligible)
amount of power, the total power Πt = Πp + Πc is kept constant across different cases,
and therefore φ+  remains constant. This scenario therefore allows studying changes in
 (or φ) in a more natural way.
CPI is adopted in the present paper to understand how the energy fluxes in a turbulent
channel flow are modified when an increase in energetic efficiency is realised through
skin-friction drag reduction. It will be shown that, even in the well-defined CPI setting,
changes of  and φ cannot be related to improvements in energetic efficiency. Indeed, 
and φ will be expressed in terms of two integrals of the wall-normal Reynolds shear stress
distribution and the Reynolds number. Therefore, changes of  and φ are fully determined
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by the modification in the Reynolds shear stress distribution, in combination with the
fraction of power spent for control. We will describe an alternative decomposition of the
total viscous dissipation which facilitates the derivation of new analytical results and the
physical interpretation of flow control effects onto global energy fluxes and dissipations.
2. Problem description
We consider the incompressible, fully-developed flow of a viscous fluid with density ρ∗,
dynamic viscosity µ∗ and kinematic viscosity ν∗ between two plane parallel walls located
2h∗ apart. x∗, y∗ and z∗ denote the streamwise, wall-normal and spanwise coordinates.
The corresponding components of the velocity vector are u∗, v∗ and w∗, and the static
pressure is p∗. Throughout the paper, all dimensional quantities are indicated with an
asterisk. Nondimensionalization in viscous (inner) units, i.e. by the kinematic viscosity
ν∗ and the friction velocity u∗τ =
√
τ∗w/ρ∗ based upon the wall shear stress τ
∗
w of the
reference flow, is denoted by the superscript +. In all other instances quantities are
nondimensionalized by the channel half-height h∗ and the characteristic velocity U∗Π,
used in the definition of the Reynolds number ReΠ, employed in CPI as presented in
the following subsection. Angular brackets 〈·〉 indicate temporal and spatial averaging
across the statistically homogeneous directions. The Reynolds decomposition for a generic
quantity f is readily defined as f = 〈f〉+ f ′. The average across the whole fluid domain
and in time is denoted by square brackets as [ f ].
2.1. The CPI approach
In the present work we adopt the constant power input (CPI) framework introduced
by Hasegawa et al. (2014): the flow is driven through the channel by a constant total
power Π∗t . The relative importance of the control power Π
∗
c over the pumping power Π
∗
p
is expressed by the quantity:
γ =
Π∗c
Π∗t
= 1− Π
∗
p
Π∗t
,
which represents the fraction of the total power Π∗t used by the control, and is therefore
zero for the canonical reference flow.
While the control power Π∗c necessarily depends upon the control strategy of choice,
the pumping power Π∗p per unit wetted area is given by:
Π∗p = G
∗h∗U∗b (2.1)
where −G∗ is the mean streamwise pressure gradient, and U∗b ≡ [u∗ ] is the bulk velocity.
Hasegawa et al. (2014) introduce the velocity U∗Π =
√
Π∗th∗/3µ∗, i.e. the bulk velocity
of a laminar flow driven by the pumping pumper Π∗t , as the appropriate characteristic
velocity in the CPI approach. This choice is justified by the theoretical argument (Bewley
2009; Fukagata et al. 2009) that a laminar flow maximises the bulk velocity for a given
Π∗t . The ultimate goal of flow control under CPI is to increase the ratio U
∗
b /U
∗
Π towards
the theoretical upper limit U∗b /U
∗
Π = 1.
At CPI the corresponding power-based Reynolds number is given by:
ReΠ =
U∗Πh
∗
ν∗
which leads directly to the dimensionless power input per unit wetted area:
Πt =
Π∗t
ρ∗U∗Π
3 =
3
ReΠ
. (2.2)
5Hence, in CPI a constant Πt implies working at a constantReΠ, just like CPG corresponds
to constant Reτ = u
∗
τh/ν and CFR to a constant Reb = U
∗
b h/ν. In case of active control,
the available pumping power is:
Πp =
3(1− γ)
ReΠ
. (2.3)
ReΠ, Reτ and Reb are connected through the dimensionless form of Eq. (2.1):
3 (1− γ)Re2Π = Re2τReb , (2.4)
which highlights once more that ReΠ represents the total power and combines viscous
and bulk velocity scales.
2.2. Numerical details
The following discussion relies upon analytic as well as numerical results. For the latter,
three DNS of turbulent channels have been produced on purpose under the CPI condi-
tion. The value of ReΠ, kept constant across all cases, is ReΠ = 6500, corresponding in
the uncontrolled (reference) case to Reτ = uτh/ν = 199.7 and Reb = Ubh/ν = 3176.8. It
is worth recalling that the different forcing strategies CFR, CPG and CPI lead to essen-
tially identical turbulence statistics for wall friction, despite the fact that they produce
different dynamical systems, i.e. the temporal behaviour of the space-mean (instanta-
neous) streamwise velocity and the space-mean (instantaneous) pressure gradient are
different (Quadrio et al. 2016). As discussed before, the choice of the forcing strategy
becomes important when two (or more) flows are to be compared with each other. Since
the present work is concerned with changes in energy fluxes between a ”natural” turbu-
lent flow and drag reduced ones, we choose to compare flows at CPI, such that they all
possess the same global energy flux.
The employed DNS solver is that by Luchini & Quadrio (2006), which uses mixed
spatial discretisation (Fourier series in the homogeneous directions, and compact, fourth-
order explicit finite differences in the wall-normal direction). The computational domain
has streamwise length of Lx = 4pi and spanwise length Lz = 2pi. The number of Fourier
modes is Nx = 256 in the streamwise direction and Nz = 256 in the spanwise direction;
the number of points in the wall-normal direction is Ny = 256, unevenly spaced in order
to decrease the grid size near the walls. The corresponding spatial resolution in the
homogeneous directions is ∆x+ = 6.5 and ∆z+ = 3.3 (de-aliasing with the 3/2 rule is
used); the wall-normal resolution increases from ∆y+ = 0.5 near the walls to ∆y+ = 2.6
at the centreline.
The equations of motion are advanced in time with a partially implicit approach, with
an explicit three-substeps low-storage Runge–Kutta scheme combined with an implicit
Crank–Nicolson scheme for the viscous terms. The size of the time step is ∆t = 0.02,
corresponding to an average value of CFL of 1.1.
2.3. Control strategies
Two drag reducing flow control strategies are considered, namely the spanwise-oscillating
wall or OW (Jung et al. 1992), and the opposition control based on the wall-normal
velocity component or VC (Choi et al. 1994). The OW control induces a spanwise wall
movement resulting in a spanwise wall velocity distribution given by
ww(x, z, t) = W sin
(
2pi
T
t
)
where W is the amplitude of the oscillation, and T its period. VC control produces
a distributed blowing and suction with the wall-normal velocity vw component at the
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Case ReΠ Reτ Reb γ Ub Ub/Ub,0
Ref 6500 199.7 3177 0 0.4887 1.000
OW 6500 186.9 3267 0.09777 0.5026 1.028
VC 6500 190.5 3474 0.00350 0.5345 1.094
Table 1. Details of the CPI simulations. The table reports the adopted control strategy (see
text for acronyms), the values of Reynolds numbers ReΠ, Reτ and Reb (based on the power,
friction and bulk velocity respectively), the fraction γ of the control power, the bulk velocity
Ub and its ratio with the bulk velocity Ub,0 of the reference uncontrolled case. The results agree
with the exact relation (2.4) to within 0.2%.
wall opposing the same component in a wall-parallel plane at a prescribed wall distance
y = ys, according to
vw(x, z, t)) = −v(x, y = ys, z, t).
Both control techniques are active, with the difference that OW requires a significant
amount of energy to operate while the required control power for VC is marginal.
The control parameters are selected so that both techniques work around their opti-
mum in the CPI sense, i.e. they achieve the maximum increase of bulk velocity Ub with
respect to the value Ub,0 in the reference uncontrolled channel. This corresponds for OW
to T = 20.39 and W = 0.1375, or T+ = 125.5 and W+ = 4.47 in viscous units. For VC,
the sensing plane is placed at ys = 0.0653 or y
+
s = 13.1. Various quantities characterising
the three simulations are summarised in table 1. To determine the values of γ, the control
power per unit wetted area is computed for OW according to Quadrio & Ricco (2004)
as 〈wwτz〉, where τz is the spanwise wall shear. Πc for the VC case is defined following
Choi et al. (1994) as
〈
pwvw + 0.5v
3
w
〉
, where pw is the pressure at the wall. The control is
allowed to (locally or instantaneously) extract power from the flow, as the interest of the
present work resides in the energy budget of the flow. Moreover, Πt is kept constant on
a time-averaged sense, i.e. Πp is given by the total power minus the time-averaged value
of Πc.
The calculations start from an initial condition where the flow has already reached
statistical equilibrium for the specific controlled case, and are advanced for further 4000
time units (corresponding to about 25000 viscous time units). During this time 200 flow
fields are written to disk for the VC case; for the OW case, 200 flow fields are saved at
8 different phases of the oscillation, for a total of 1600 flow fields.
It should be noted that the drag reduction rate R, i.e. the traditional figure of merit
for flow control, is not a measure of improved energetic efficiency. R, defined as the
percentage change of the skin friction coefficient Cf = 2τw/ρU
2
b , is 17.2% in the OW
case, and 23.9% in the VC case. These values are very similar (but not identical, since
the comparison is made under a different condition) to the values of R obtained at CFR
at the condition of maximum net energy saving rate (Quadrio & Ricco 2004; Stroh et al.
2012). Appendix A discusses the choices of figure of merit for evaluating flow control
at CPI, and describes the link between R and Ub/Ub,0, the figure of merit used in the
present work.
3. Energy boxes
The energy box as introduced by Ricco et al. (2012) is used to visualise the global
balance of kinetic energy. The energy box for the uncontrolled reference case is shown in
Fig. 2, with numerical values for the energy fluxes scaled with the power input Πt = Πp.
7MKE TKE
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Figure 2. Energy box in the reference case, with fluxes normalised by Πt = Πp. Owing to finite
time average, the MKE budget has an unbalance of 0.05%, and the TKE budget is unbalanced
by 0.07%. Here and in the following figures, the length of the arrows is proportional to the flux
magnitude.
The MKE is either dissipated directly by the mean flow via the volume integral of the
time-averaged viscous dissipation related to the mean velocity profile
φ =
[
1
ReΠ
(
d〈u〉
dy
)2 ]
or transferred to the TKE box via the production term
P =
[
r(y)
d〈u〉
dy
]
where
r(y) ≡ −〈u′v′〉 (3.1)
indicates the wall-normal distribution of the Reynolds shear stress. The TKE is either
produced by P, and dissipated by the volume integral of the turbulent dissipation:
 =
[
1
ReΠ
∂u′i
∂xj
∂u′i
∂xj
]
where repeated indices imply summation.
Owing to statistical equilibrium, Πp = φ+  and P = . The balance errors, due to the
finite averaging time, are extremely small (less than 10−3) and demonstrate the quality
of the dataset. It is interesting to mention that the simulations are carried out with
a CPG condition for the spanwise component of the momentum equation, so that the
power input to the spanwise part of the MKE is identically zero. However, given the finite
averaging time, an extremely small residual spanwise mean velocity profile exists, which
causes the related mean dissipation not to be identically zero, but still fully negligible
(less than 10−6).
At the present value of Reynolds number, i.e. ReΠ = 6500, 59% of Πt is dissipated by
the mean field through φ, while the remaining 41% is converted into TKE through P
and eventually dissipated through . The relative importance of φ and  is a function of
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Figure 3. Energy box in the VC (top) and OW (bottom) cases, with fluxes normalised by Πt,
and changes with respect to the reference case. For VC, the MKE budget has an unbalance of
-0.10%, and the TKE budget is unbalanced by 0.15%. For OW, the MKE has an unbalance of
-0.01%, and the TKE is unbalanced by 0.2%.
the Reynolds number, with the latter becoming dominant at higher Re (Laadhari 2007;
Abe & Antonia 2016).
Figure 3 shows the energy boxes for the VC and OW cases. As previously noted, in both
cases Πc enters the system via the TKE box. While this is obvious for the zero-net mass
flux VC, for OW within the classic Reynolds decomposition we do not distinguish the
temporally-fluctuating quasi-laminar Stokes layer induced by wall oscillations (Quadrio
& Ricco 2004) from the chaotic turbulent fluctuations, but an alternative approach would
be possible. In fact, Πc for OW can enter the MKE box for the time-varying but coherent
spanwise velocity component, as done by Ricco et al. (2012) and Touber & Leschziner
(2012), who adopted a triple decomposition for the velocity field. Our procedure can be
easily modified to allow for the alternative approach without implications on the final
findings.
The production term P = Πp − φ appears to consistently decrease when control is
exerted, either because (VC case) φ increases at nearly unchanged Πp, or because (OW
90 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−0.2
0
0.2
0.4
0.6
0.8
〈u〉
U`
U∆
y
Figure 4. Decomposition of the mean velocity profile 〈u〉 for the reference case into its laminar
part U` and the resulting difference U∆.
case) φ decreases but Πp decreases even more, owing to the power requirements of the
control action. The fraction of total power dissipated via φ and  exhibits opposite trends
for the two types of control. For VC Πp only marginally decreases, because Πc is negligible;
hence φ increases by 0.054 compared to the uncontrolled flow, and  decreases by the
same amount. On the other hand, for the OW case, for which Πc is higher, the fraction
of Πt dissipated by the mean flow decreases by 0.044.
These opposite trends are largely related to the different amount of Πp available for
the two controls, and thus reflect the different control abilities to use Πc efficiently.
In both cases the ratio φ/Πp increases, indicating that a larger part of the available
pumping power is dissipated by the mean flow. However, φ/Πp is not a suitable indicator
for energetically efficient flow control. One can imagine extreme cases in which φ/Πp
increases because almost all available power is spent to run an highly-inefficient drag-
reducing control which produces a small flow rate with the remaining small Πp.
In order to quantitatively link the anticipated flow rate increase for a fixed Πt to the
energy dissipation mechanisms and energy transfer rates, an enabling step involves giving
prominence to the ultimate flow control target, i.e. reaching the laminar state. This will
be achieved in the next Section, where an extension of the usual Reynolds decomposition
is introduced.
4. Extending the Reynolds decomposition
The most successful control would relaminarise the flow, thereby maximising the flow
rate for the available pumping power. The control target, i.e. the achievement of a laminar
flow, can be exposed in every quantity of interest by further decomposing the mean
velocity in the usual Reynolds decomposition as:
〈u〉(y) = U`(y) + U∆(y),
where U` is the laminar parabolic profile yielding the same Ub, and U∆ is the deviation
of the actual mean velocity profile 〈u〉 from U`. Fig. 4 shows the profiles of 〈u〉, U` and
U∆ for the reference case. By definition, the 〈u〉 and U` profiles possess the same bulk
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velocity, hence U∆ has zero average, i.e.∫ 1
0
U∆(y)dy = 0.
Such decomposition is inspired by the work of Eckhardt et al. (2007), which discusses
Taylor–Couette and Rayleigh–Be´nard flows. They introduce a “convective” (or “wind”)
dissipation rate, defined as the difference between the total dissipation rate and the
dissipation rate of a laminar flow. It is worth noting that the present decomposition is as
arbitrary as the classic Reynolds decomposition: the sum U` + U∆ still amounts to the
usual mean velocity profile. However, in contrast to 〈u〉, which is not a solution of the
Navier–Stokes equation, U` is a possible state of the flow, occuring when a drag-reducing
control achieves complete relaminarization. The fact that U` is analytically known is a
key property that enables the following analysis, in which kinetic energy transfer rates
will be decomposed into separate components, which can in turn be related analytically
to the Reynolds shear stress.
4.1. Three mean momentum equations
As usual, the governing equation for the mean velocity profile 〈u〉(y) is
0 = G+
d
dy
(
1
ReΠ
d〈u〉
dy
+ r(y)
)
. (4.1)
where r is the negative Reynolds shear stress (3.1), and G corresponds to the negative
mean streamwise pressure gradient. The governing equation for the laminar component
U` is obtained by setting r(y) = 0 in Eq. (4.1):
0 = G` +
1
ReΠ
d2U`
dy2
, (4.2)
where −G` is the streamwise pressure gradient required to achieve the same bulk mean
velocity Ub in a laminar flow.
One obtains the governing equation for U∆ by subtracting Eq. (4.2) from Eq. (4.1):
0 = G∆ +
d
dy
(
1
ReΠ
dU∆
dy
+ r(y)
)
, (4.3)
where G∆ ≡ G−G` is the increment of the pressure gradient due to the deviation of the
mean velocity from a laminar parabolic one with the same Ub.
Obviously, the wall-normal distribution of Reynolds shear stress r(y) is essential to
determine the mean velocity profile and the resulting control performance, as confirmed
by Eqs. (4.1) and (4.3). In the following, mathematical expressions relating all budget
terms in Fig. 1 to r(y) and ReΠ are derived. In order to do so, the integrals of the above
momentum equations need first to be expressed in terms of r(y).
4.2. Triple integration for 〈u〉: the FIK identity under CPI
The original FIK identity was derived at CFR by Fukagata et al. (2002), and Marusic
et al. (2007) provided an analogous expression for CPG. In both cases, a weighted integral
of the Reynolds shear stress, i.e.
∫
(1 − y)r(y)dy, describes either the additional drag
generated by turbulence (at CFR) or the flow rate decrease due to turbulence (at CPG).
For CPI, the influence of turbulence on the resulting flow rate can be captured based on
the same weighted integral of r(y) as shown in the following.
11
First, Eq. (4.1) is integrated in the y-direction from 0 to y, yielding
(1− y)G = 1
ReΠ
d〈u〉
dy
+ r(y).
One more integration in y results in(
y − y
2
2
)
G =
〈u〉
ReΠ
+
∫ y
0
r(y)dy.
Finally, applying a third integration from y = 0 to y = 1 and integrating the rightmost
term by parts provides the equation for the bulk mean velocity in the form
Ub =
∫ 1
0
〈u〉dy = GReΠ
3
− αReΠ. (4.4)
Here, α is defined as the weighted integral of r(y):
α =
∫ 1
0
(1− y)r(y)dy. (4.5)
Eq. (4.4) nicely shows that also for CPI the term containing α can be understood as the
decrease of Ub due to turbulence, since the laminar flow rate is given by GReΠ/3. How-
ever, at CPI the streamwise pressure gradient G changes with a change in α. Therefore,
in order to remove G from Eq. (4.4), we multiply it by Ub:
U2b =
UbGReΠ
3
− UbαReΠ. (4.6)
and note that the quantity UbG is the pumping power input per unit area, which under
the CPI condition is known by Eq. (2.3). Substitution of this relation into Eq. (4.6) leads
to
U2b + αReΠUb − (1− γ) = 0, (4.7)
which can be solved to yield:
Ub =
−αReΠ +
√
(αReΠ)2 + 4(1− γ)
2
=
αReΠ
2
{
−1 +
√
1 +
4(1− γ)
(αReΠ)2
}
(4.8)
In a different form, this equation was already derived by Hasegawa et al. (2014) (see their
Eq.(3.8) at p.99); it provides the relationship between Ub and r(y), and is the FIK identity
expressed for the CPI condition. Just like in the corresponding expressions for CFR and
CPG, the Reynolds shear stresses appear in (4.8) only via their weighted integral α.
4.3. Triple integration for U`
Integrating Eq. (4.2) twice in the wall normal direction yields:
U`(y) = ReΠG`
(
y − y
2
2
)
. (4.9)
One more integration from y = 0 to y = 1 results in the expression for Ub:
Ub =
∫ 1
0
U`(y)dy =
ReΠG`
3
. (4.10)
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4.4. Triple integration for U∆
Integrating Eq. (4.3) twice in the wall-normal direction results in
U∆(y) = ReΠG∆
(
y − y
2
2
)
−
∫ y
0
r(y)dy. (4.11)
By integrating once more from y = 0 to y = 1, one obtains∫ 1
0
U∆(y)dy = 0 = ReΠ
(
G∆
3
−
∫ 1
0
(1− y)r(y)dy
)
.
Hence,
G∆ = 3
∫ 1
0
(1− y)r(y)dy = 3α. (4.12)
Equations (4.10) and (4.12) are the contributions of the laminar and turbulent parts
to the pressure gradient.
5. Extending the energy box
Having extended the Reynolds decomposition to account for the laminar component
in the mean flow, we can now leverage it to redesign the energy box description of the
channel flow. So far, expressions for the integrals of the corresponding velocity compo-
nents containing the weighted integral α of the Reynolds shear stresses and the Reynolds
number have been derived. In this section, every energy flux is related to the r(y) profile,
eventually obtaining an extended version of the energy box.
The turbulent production term can be written as
P =
∫ 1
0
r(y)
d〈u〉
dy
dy =
∫ 1
0
r(y)
(
dU`
dy
+
dU∆
dy
)
dy = P` + P∆,
where
P` =
∫ 1
0
r(y)
dU`
dy
dy = 3Ub
∫ 1
0
(1− y) r(y)dy = 3Ubα (5.1)
is the turbulent production due to the laminar component and
P∆ =
∫ 1
0
r(y)
dU∆
dy
dy.
the one related to the deviation component. Note that P` is proportional to α, the
weighted integral of r(y) that also appears in the FIK identity. Following the previously
discussed interpretation of α in terms of “losses” associated with the presence of turbu-
lence, P` can be understood as the fraction of Πp “wasted” by turbulence. Similarly, P∆
can be interpreted as the consequence of the existence of the Reynolds shear stresses,
implying a deviation of the mean profile from the laminar profile.
Along the same lines, the mean dissipation can be decomposed as follows:
φ =
1
ReΠ
∫ 1
0
(
d〈u〉
dy
)2
dy =
1
ReΠ
∫ 1
0
(
dU`
dy
+
dU∆
dy
)2
dy
=
1
ReΠ
∫ 1
0
{(
dU`
dy
)2
+
(
dU∆
dy
)2
+ 2
dU`
dy
dU∆
dy
}
dy = φ` + φ∆ + φ`,∆. (5.2)
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Figure 5. Integrands of the dissipation terms φ, φ∆, φ` and φ`,∆ appearing in Eq. (5.2) in the
reference case. The integral of the cross-term φ`,∆ is zero.
The last term φ`,∆ vanishes since∫ 1
0
dU`
dy
dU∆
dy
dy = U∆
dU`
dy
∣∣∣∣1
0
−
∫ 1
0
U∆
d2U`
dy2
dy = 0,
the last integral being zero because d2U`/dy
2 = −ReΠG` is a constant which can be
taken out of the integral, and
∫ 1
0
U∆dy = 0. Therefore, the dissipation of the mean field
is expressed as the sum
φ = φ` + φ∆,
where
φ` =
1
ReΠ
∫ 1
0
(
dU`
dy
)2
dy
is the energy dissipation rate associated with the laminar component, and
φ∆ =
1
ReΠ
∫ 1
0
(
dU∆
dy
)2
dy
is the additional dissipation associated with the deviation component. The sum of φ∆
and  is the share of Πt wastefully dissipated by turbulence, i.e. not used for creating a
flow rate, for which only φ` is necessary. Fig. 5 shows the wall-normal distribution of the
integrands of (5.2). The advantage of decomposing φ into φ` and φ∆ is that φ` possesses
a unique relationship with Ub. Therefore, the only remaining issue is to understand how
φ∆ changes in flows with increased energetic efficiency.
We can also derive an interesting relationship between φ∆ and P∆. Integrating Eq. (4.3)
in the y direction yields
G∆(1− y) = 1
ReΠ
dU∆
dy
+ r(y). (5.3)
Multiplying by dU∆/dy and integrating in y, the following equation is obtained:∫ 1
0
G∆(1− y)dU∆
dy
dy =
1
ReΠ
∫ 1
0
(
dU∆
dy
)2
dy +
∫ 1
0
r(y)
dU∆
dy
dy = φ∆ + P∆.
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Figure 6. Updated energy box when the mean velocity profile 〈u〉 is decomposed into laminar
U` and the deviation U∆ from the laminar profile.
The left-hand-side is zero, because
G∆
∫ 1
0
(1− y)dU∆
dy
dy = (1− y)U∆|10 +
∫ 1
0
U∆dy = 0.
Hence, the following identity is obtained
P∆ = −φ∆ ≤ 0, (5.4)
which emphasizes that the production P∆ is always a source for MKE and a sink for TKE.
This is reasonable, since the laminar profile is the one with minimum energy dissipation
for a given flow rate. Therefore, any deviation from the laminar profile corresponds to
additional energy losses, expressed by φ∆.
Moreover, Eq. (5.4) indicates that both P∆ and φ∆ cancel each other in the MKE
budget, which becomes:
Πp = φ` + P`. (5.5)
In summary, the original energy box sketched in Fig. 1 can now be extended as shown in
Fig. 6. The dissipation of the mean velocity and the turbulent production are decomposed
into their contributions from the laminar profile U` and the deviation U∆ from the laminar
profile. The turbulent production P∆ due to U∆ is always negative, so that the arrow is
pointing in the opposite direction, i.e. from TKE to MKE.
5.1. Energy fluxes as a function of r(y)
Every energy flux appearing in Fig. 6 is expressed as a function of the Reynolds shear
stresses and of the Reynolds number in the following.
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5.1.1. Input powers Πp and Πc
By definition, the pumping and control powers are expressed by:
Πp =
3(1− γ)
ReΠ
; Πc =
3γ
ReΠ
. (5.6)
5.1.2. Laminar dissipation φ`
Integration of Eq. (4.2) in y leads to
G`(1− y) = 1
ReΠ
dU`
dy
.
Multiplying by dU`/dy and integrating from y = 0 to y = 1, results in∫ 1
0
G`(1− y)dU`
dy
dy =
∫ 1
0
1
ReΠ
(
dU`
dy
)2
dy = φ`.
Substituting U` with Eq. (4.9) on the left-hand-side gives
φ` = ReΠG
2
`
∫ 1
0
(1− y)2dy = ReΠG
2
`
3
=
3U2b
ReΠ
, (5.7)
where Eq. (4.10) has been used for the final expression. Using Eqs. (4.7) and (4.8) yields:
φ` =
3
ReΠ
{−αReΠUb + (1− γ)}
=
3
ReΠ
{
(αReΠ)
2
2
(
1−
√
1 +
4(1− γ)
(αReΠ)2
)
+ (1− γ)
}
. (5.8)
Note that r(y) enters this expression only through its weighted integral α.
5.1.3. Laminar production P`
The turbulence production P` related to the laminar component (which is indeed an
oxymoron) is given by
P` =
∫ 1
0
r(y)
dU`
dy
dy = ReΠG`
∫ 1
0
r(y)(1− y)dy
= 3αUb =
3
ReΠ
(αReΠ)
2
2
{
−1 +
√
1 +
4(1− γ)
(αReΠ)2
}
. (5.9)
Again, P` depends on r(y) via α only. We note that P` can assume negative values in the
rare cases when α < 0 which corresponds to an inverse sign of the Reynolds shear stress.
This is e.g. achieved by streamwise travelling waves of blowing and suction (Min et al.
2006). In this control case sublaminar drag is reported at CFR which would correspond
to φ`/Πp > 1 at CPI, see Eq. (5.5). It should be kept in mind that, by definition, it is
impossible to obtain φ`/Πt > 1; i.e. the controlled flow cannot produce a flow rate higher
than the one achieved when all available power is spent for pumping a laminar flow.
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5.1.4. Production P∆ and dissipation φ∆
Using Eq. (5.3) one obtains
φ∆ =
∫ 1
0
1
ReΠ
(
dU∆
dy
)2
dy = ReΠ
∫ 1
0
{G∆(1− y)− r(y)}2 dy
= ReΠ
∫ 1
0
{
G2∆ (1− y)2 − 2G∆(1− y)r(y) + r(y)2
}
dy
= ReΠ
{
G2∆
3
− 2G∆α+
∫ 1
0
r(y)2dy
}
= ReΠ
(
β − 3α2) , (5.10)
where Eq. (4.12) is used and β is defined as
β =
∫ 1
0
r(y)2dy. (5.11)
Hence, φ∆ is again expressed as a function of r(y), but in addition to the weighted
integral α the term β also appears, corresponding to the integral of r(y)2.
According to (5.4), the turbulent production P∆ is obtained as
P∆ = −φ∆ = ReΠ
(
3α2 − β) ≤ 0. (5.12)
Therefore, β ≥ 3α2. While α can switch sign, β is always positive which is consistent
with the fact that any deviation from the laminar profile corresponds to energetic losses.
5.1.5. Turbulent dissipation 
The turbulent dissipation is obtained from the energy balance of TKE shown in the
right box in Fig. 6:
 = P` + P∆ + Πc
=
3
ReΠ
{
(αReΠ)
2
2
(
1 +
√
1 +
4(1− γ)
(αReΠ)2
)
− βRe
2
Π
3
+ γ
}
. (5.13)
Here, Eqs. (5.6), (5.9) and (5.12) are used.
5.2. The extended energy box
Figure 7 shows the extended energy box for the reference flow without drag reduction. At
this low value of the Reynolds number, at which φ is known (Laadhari 2007) to overwhelm
, this decomposition highlights that φ` is about one fourth of the total power, and is
comparable to φ∆. The share of Πt that is not being used to produce a flow rate (it
should be remembered that the only velocity profile contributing to the flow rate is U`)
is φ∆ +  = P`. This power depends on r(y) only via α, and can be considered as power
wasted to produce turbulence; here it is approximately 76% of the total power, a fraction
that is expected to increase with Re.
How these fluxes vary with Re can be examined by resorting to empirical formulas
expressing how φ+ and + change with Re; such formulas are for example discussed
by Abe & Antonia (2016). Appendix B reports this analysis, which leads to a new and
possibly improved relationship between Reb and Reτ .
Figure 8 shows the extended energy box for the considered control cases. The numerical
values of all fluxes are summarised in Table 2.
Owing to the CPI approach, Πp is decreased when a positive Πc is present for active
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Πp = 1.000
φ` = 0.239
P` = 0.761
−P∆ = 0.350
φ∆ = 0.350
 = 0.410
Figure 7. Extended energy box for the reference case, with fluxes normalised with Πt = Πp.
Case Πp φ` φ∆ P` −P∆ Πc 
Ref 1.000 0.239 0.350 0.761 0.350 - 0.410
VC 0.996 0.286 0.357 0.711 0.357 0.004 0.356
OW 0.902 0.253 0.292 0.694 0.292 0.098 0.454
Table 2. Summary of the fluxes in the extended energy box for the reference, VC and OW
case. All fluxes are normalised by Πt.
control. Being proportional to U2b , φ` increases when the control is successful, leading to
an increased flow rate. However, the increase of φ` is much larger for VC than for OW,
for which the ability to increase Ub is hindered by the reduced pumping power available
under CPI.
The term P` is observed to decrease in both the controlled cases. In fact, the change
of P` is prescribed by the power budget of the left panel of the extended energy box,
which reads
P` = Πp − φ`
since φ∆ = −P∆. Equivalently, this budget can be rewritten by using (5.9), (2.3) and
(5.7) as:
3αUb =
3(1− γ)
ReΠ
− 3U
2
b
ReΠ
.
In the present context Πp must decrease when active control is on, and φ` must increase
when control is successful, so that their difference P` must decrease. This result has the
interesting implication that the product αUb must decrease as well, which is not obvious
since Ub increases while α decreases. This implication is related to the flow rate increase
at CPI being bounded by Ub ≤ 1, whereas α can theoretically even drop to negative
values, as mentioned in §5.1.3.
The sign change of P∆ (and φ∆) is however undefined. In fact, in our two examples P∆
slightly increases for VC but decreases for OW. This is a consequence of the presence,
see e.g. Eq. (5.12), of both α and β in their definition, but with opposite signs, and
highlights differences in r(y) between the two controlled cases. This observation reveals
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MKE TKE
Πp = 0.996
(−0.004)
φ` = 0.286
(0.047)
P` = 0.711
(−0.050)
−P∆ = 0.357
(0.008)
φ∆ = 0.357
(0.008)
 = 0.356
(−0.054)
Πc = 0.004
MKE TKE
Πp = 0.902
(−0.098)
φ` = 0.253
(0.014)
P` = 0.649
(−0.112)
−P∆ = 0.292
(−0.058)
φ∆ = 0.292
(−0.058)
 = 0.454
(0.043)
Πc = 0.098
Figure 8. Extended energy box in the VC (top) and OW (bottom) cases, with fluxes
normalised by Πt. Changes from the reference case are shown in parentheses.
that a reduction of P∆ is not sufficient for achieving energetically successful flow control,
despite P∆ being always detrimental to achieving higher flow rate. In the present case,
for instance, OW reduces P∆, while VC fails in doing so.
As a consequence, also the sign of the last flux  is in general undetermined, and in fact
in our two examples  decreases for VC and increases for OW. However, in the specific
OW case, we know (Quadrio & Ricco 2011) that the wall oscillations generate a spanwise
Stokes flow that, even in a turbulent channel flow, closely resembles the laminar Stokes
solution. Hence, nearly the whole Πc (the precise figure is 97% in the present case) is
dissipated directly by the spanwise Stokes layer, instead of the small-scale fluctuating
turbulent field. If the contribution of the Stokes layer is removed,  decreases in the OW
case, too.
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Figure 9. Left: changes in r(y) induced by OW and VC control. Right: mean velocity profiles
for the reference case and the controlled OW and VC cases. All quantities are plotted in actual
wall units.
5.3. Relationship between flow rate increase, φ and 
All the terms featuring in the extended energy box have been related to the profile r(y) of
the Reynolds shear stresses. We can then return to our original goal, and discuss how the
dissipation rates of the mean and fluctuating fields are affected by flow control techniques
intended to increase flow rate. Thanks to the CPI constraint, the sum φ +  is always
unchanged, so that considering one of the two terms is sufficient. From the simple energy
box sketched in Fig. 1, the global energy balance indicates that:
φ =
3
ReΠ
−  = Πt − .
Using Eq. (5.8) and (5.10), The dissipation φ is expressed by
φ = φ` + φ∆ =
3
ReΠ
{
(αReΠ)
2
2
(
1−
√
1 +
4(1− γ)
(αReΠ)2
)
+ (1− γ)
}
+ReΠ
(−3α2 + β)
=
3
ReΠ
{
(αReΠ)
2
2
(
−1−
√
1 +
4(1− γ)
(αReΠ)2
)
+
βRe2Π
3
+ (1− γ)
}
. (5.14)
which only contains α, β, γ and ReΠ.
Although the flow rate increase is uniquely determined by α as shown by Eq. (4.8),
both φ and  additionally involve β. Its definition (4.5) shows that α is the correlation
between r(y) and (1−y), whereas Eq. (5.11) shows that β is the L2 norm of r(y). As long
as the distribution r(y) is unspecified, α and β are unknown. Therefore, the relationship
between flow rate increase and the changes in φ and  is also unknown — knowing it
would be equivalent to solving the closure problem of turbulence.
One can however consider the space of possible controls, and assess how φ and 
change in controlled flows, by exploring a range of values for γ and parametrized changes
of the profile r0(y) of the Reynolds shear stresses of the uncontrolled flow. Parametrising
r0(y), however, is quite an arbitrary step. Fig. 9 (left) shows how r0(y) changes from the
reference flow in the VC and OW controlled cases. The changes are different in nature:
the OW profile is mostly rescaled while the VC profile behaves differently near the wall,
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Figure 10. Changes in φ/φ0 (left) and /0 (right),for the uncontrolled flow at Reτ = 200,
as a function of γ and the flow rate increase Ub/Ub,0 occurring because of a shift ∆B in the
logarithmic portion of the mean velocity profile at CPI. The symbols indicate the VC and OW
cases.
with a secondary zero point in the flow (the position of the so-called virtual wall, Choi
et al. 1994). However, in both cases the control-induced modifications of r(y) yield very
similar effects upon 〈u〉(y), as illustrated in Fig. 9 on the right. The controlled flows
exhibit an upward shift ∆B+ (in actual viscous units) of the logarithmic portion of the
mean velocity profile, defined as〈
u+
〉
=
1
κ
log y+ +B + ∆B , (5.15)
in which κ is the von Ka´rma´n constant and B an additive constant. For the OW and VC
cases the measured value of ∆B+ is 2.03 and 2.76 respectively.
We thus devise a procedure that uses the approximate analytical form of the mean
velocity profile proposed by Spalding (1961) as a baseline over which the parameter
∆B+ is varied within the range ∆B+ = −2 to ∆B+ = 7 to mimic the effect of wall-
based flow control. The log layer constant are set to the values of B = 4.48 and κ = 0.392
as proposed by Luchini (2018). (The same work reviews the existing approximations for
〈u〉(y) and proposes an elegant semi-empiric formula, which restores universality of the log
layer constants among different canonical internal flows. Unfortunately, this expression
could not be adopted here as it does not easily accommodate a variable ∆B+. However,
neither the specific expression of〈u〉(y) nor the way changes of the log layer constants are
implemented affect the following discussion.) ReΠ = 6500 is imposed, which corresponds
to Reτ = 200 for the reference channel (∆B
+ = 0). At CPI for this value of ReΠ, the
range of ∆B+ corresponds to values of Ub/Ub,0 between 0.724 to 1.218.
For each ∆B+, the value of Reτ is adjusted such that condition (2.4) is satisfied.
The distribution of r(y) is then computed according to Eq. (4.1), from which α and
β are evaluated and then eventually inserted into formula (5.14). This is certainly a
simplified and approximated procedure, which is not expected to hold for any type of
control technique. However, it is general enough to be valid for the two control strategies
considered in the present work, which are representative of wall-based control.
Figure 10 depicts the changes in φ and  predicted via this procedure. The vertical
axis shows the flow rate Ub/Ub,0 that occurs in presence of a shift ∆B at CPI, and the
horizontal axis is the control effort γ. The DNS results of the two flow control techniques
discussed before, namely OW and VC, are also included in the plot. The region where
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Figure 11. Left: changes in (φ∆ + )/(φ∆ + )0 (left) for the uncontrolled flow at Reτ = 200,
as a function of γ and the flow rate increase Ub/Ub,0 occurring because of a shift ∆B in the
logarithmic portion of the mean velocity profile at CPI. The symbols indicate the VC and OW
cases. Right: changes in φ/φ0 at Reτ = 20000.
Ub/Ub,0 > 1 corresponds to successful control under CPI. The model nicely visualizes
and generalizes (within the simplifications indicated above) the result obtained for OW
and VC: when active control techniques with variable γ are considered at CPI, the way
energy is dissipated in an energetically more efficient system does not imply a unique
trend in φ (or ). However, along the vertical axis (γ = 0, passive control) an increase of
φ (or a decrease of ) is always related to a successful control, although, strictly speaking,
this is only true for the present model.
In the lower half of the plots in figure 10 the flow rate achieved at constant Πt decreases.
The line ∆B = 0 marks flow states where flow control does not modify r(y) and hence
the mean velocity profile. Here the control effect is only a reduction of Πp. In the region
above the line ∆B = 0 but below Ub/Ub,0 = 1, the control increases the flow rate
compared to a canonical channel driven at Πp = (1 − γ)Πt, i.e. it interacts positively
with turbulence and reduces α. However, owing to its power cost, it does not go above
Ub,0, corresponding to flow control techniques that at CFR produce drag reduction but
no net energy savings. Lastly, below the line ∆B = 0 the control effect on turbulence is
detrimental. Such a scenario is observed for example for the travelling waves of spanwise
wall velocity (Quadrio et al. 2009) in their drag-increasing regime, and at γ = 0 is typical
of most rough surfaces.
Figure 11 (left) shows the distribution of φ∆ + , i.e. the fraction of total power waste-
fully dissipated by turbulence, as a function of Ub/Ub,0 and γ. It can be seen that in
contrast to φ or  this quantity does not depend on γ, but a decrease of φ∆ +  is directly
linked to an increase of Ub/Ub,0, the indicator of successful control.
The simple model presented above can easily be extended to higher Reynolds numbers
in order to verify the robustness of the present evidence against changes of Re. In Fig.11
the same range of ∆B+ is considered at the increased Reynolds number of ReΠ ≈ 853000,
which yields Reτ = 20000 for a reference channel. This value of Re is large enough
for the various budget terms to reach their asymptotic behaviour (see Appendix B).
Since the link between ∆B and the induced change in flow rate is Re-dependent, the
range −2 ≤ ∆B+ ≤ 7 corresponds to smaller variations of flow rate at this larger
Re, with values of Ub/Ub,0 ranging between 0.745 and 1.158. This reflects the known
decrease of control efficiency with increasing Reynolds number for ”similar” wall-based
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controls (Gatti & Quadrio 2016). The corresponding model results reveal that, also at
high Reynolds number, changes in φ or  can be of either sign. Figure 11 (right) shows the
distribution of φ∆ +  at the high Reynolds number, that remains independent from γ,
thus confirming that φ∆ +  has a consistent trend for energetically efficient flow control
at CPI, whereas  alone can either increase or decrease. When comparing the left and
right part of Fig.11 it is also interesting to note that the relative change in φ∆ +  for
the controlled flows is two orders of magnitude smaller, indicating that at high Reynolds
number basically all pumping power is wasted by turbulence (see Appendix B).
6. Concluding remarks
The present work has considered how flow control aimed at improving the energetic
efficiency of turbulent channel flows changes the energy fluxes, especially the energy
dissipation rates φ and  of the mean and fluctuating velocity fields. Such an analysis is
difficult when based on data obtained at CFR or CPG, where flow control brings about
an inherent change of the total power input: the total viscous dissipation rate φ +  of
kinetic energy changes whenever control is applied. Therefore, the Constant Power Input
(CPI) concept has been selected to compare energy transfer rates between controlled and
uncontrolled flow. With CPI the total viscous dissipation rate is fixed, and the success of
control implies an increase of the flow rate for the same value of φ+, which is equivalent
to the total power entering the flow system. In order to keep the total power constant,
the power Πc consumed by the considered active flow control techniques is subtracted
from the available pumping power Πp.
The obtained results show that φ or  undergo changes of either sign in a successfully
controlled flow, depending on Re and the particular way in which the control strategies
modify r(y). Therefore, these quantities alone cannot meaningfully serve as objectives in
the optimisation of active control techniques. The often accepted notion of a decreased
 with successful control (Jovanovic et al. 2005; Bannier et al. 2016) is shown to be true
only for wall-based control strategies with negligible or no Πc (passive control). This
statement, however, follows from a model assuming that control acts at the wall, and
results into the well-known upward shift of the logarithmic portion of the mean velocity
profile.
The introduced extended Reynolds decomposition splits the mean velocity profile into
a laminar profile U` with the same flow rate, and a profile U∆ expressing the zero-
integral deviation of the mean profile from U`. The turbulent energy production and the
dissipation associated to the mean field can thus be expressed as sum of the contributions
of the laminar and deviation components, i.e. P = P` + P∆ and φ = φ` + φ∆, with the
single terms being analytically known. The extended energy box highlights that:
(a) The laminar dissipation φ` is the preferable way to dissipate energy, because it is
the only dissipation related to a flow rate.
(b) The laminar production P` corresponds to the fraction of the pumping power
wasted by turbulence, and decreases with successful flow control. P` may become negative
in extreme cases (when sublaminar drag is achieved), and this is seen mathematically
since P` depends on α, Eq. (5.9), and α can become negative, see (4.5).
(c) The production by deviation P∆ is the additional power required by a turbulent
channel whose mean velocity profile deviates from the laminar one. That any such de-
viation is detrimental (Bewley 2009; Fukagata et al. 2009) is seen here by the fact that
−P∆ = φ∆ ≥ 0, i.e. a fraction of P` is used to produce mean kinetic energy which is
not associated with any flow rate and eventually dissipated by viscosity. However, a re-
duction of P∆ is not a sufficient condition for successful flow control. For instance, P∆
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(and hence φ∆) may be zero also for nonzero r(y) if 3α
2 = β is satisfied, a condition
which does not occur for canonical channels and has not been observed for the presently
investigated flow control strategies.
(d) While P` is the fraction of pumping power wasted to produce turbulence, φ∆ + 
is the fraction of total power wasted by turbulence, i.e. the fraction of the total available
power not used to produce a flow rate. Therefore φ∆ +  has to be minimised by control,
while  alone can undergo changes of either sign.
The concepts discussed in the present paper might foster interesting developments. For
example the few existing drag-reduction-aware RANS turbulence models (e.g. Hassid &
Poreh 1978; Mele et al. 2016) are often based upon minor modifications of (the model
equation for)  that produce the desired skin-friction reduction effect. The present work
has made evident how this approach may lack generality even for passive control. In the
flow control domain, knowing the role of the Reynolds stress through the integrals α and
β allows a general parametrization of flow control strategies and their energetic effects.
Some limitations of the present work, for instance neglecting control strategies which
introduce energy into the mean flow directly, can be remedied easily, while others are more
challenging to overcome. Most notably, applying the extended Reynolds decomposition to
complex flows is not trivial, as the laminar solution is unknown except for few idealised
flow geometries (plane channel, pipe flow, etc.). In case of ducts with arbitrary cross-
section, however, the Stokes solution can be adopted instead, as it is readily obtained
and is known to yield minimal dissipation (hence power input) at CFR (Fukagata et al.
2009). However, we believe that the significance of the present work mainly resides in its
ability to clarify, thanks to both the newly-derived relationships for  and φ and the CPI
setting, meaning and objectives of increased energetic efficiency based on skin-friction
drag reduction techniques. Much like the FIK identity itself, the limitation of using such
tools in the context of simple canonical parallel flows does not diminish their ability to
effectively highlight different aspects of the complex physics of near-wall turbulence.
Acknowledgments
Support through the Deutsche Forschungsgemeinschaft (DFG) project FR2823/5-1 is
gratefully acknowledged. Computing time has been provided by the computational re-
source ForHLR Phase I funded by the Ministry of Science, Research and the Arts, Baden-
Wu¨rttemberg and DFG. DG gratefully acknowledges the additional support of the Japan
Society for the Promotion of Science. YH is supported by the Ministry of Education, Cul-
ture, Sports, Science and Technology of Japan (MEXT) through the Grant-in-Aid for
Scientific Research (B) (No. 17H03170).
REFERENCES
Abe, H. & Antonia, R. A. 2016 Relationship between the energy dissipation function and the
skin friction law in a turbulent channel flow. J. Fluid Mech. 798, 140–164.
Agostini, L., Touber, E. & Leschziner, M.A. 2014 Spanwise oscillatory wall motion in
channel flow: drag-reduction mechanisms inferred from DNS-predicted phase-wise property
variations at Reτ = 1000. J. Fluid Mech. 743, 606–635.
Bannier, A., Garnier, E. & Sagaut, P. 2016 Riblets Induced Drag Reduction on a Spa-
tially Developing Turbulent Boundary Layer. In Prog. in Wall Turb. 2: Understanding and
Modelling, Lille, France (ed. J. Jime´nez, M. Stanislas & I. Marusic), pp. 213–224. Springer
International Publishing.
Bewley, T.R. 2009 A fundamental limit on the balance of power in a transpiration-controlled
channel flow. J. Fluid Mech. 632, 443–446.
24 D.Gatti, A.Cimarelli, Y.Hasegawa, B.Frohnapfel & M.Quadrio
Choi, H., Moin, P. & Kim, J. 1994 Active turbulence control for drag reduction in wall-
bounded flows. J. Fluid Mech. 262, 75–110.
De Angelis, E., Casciola, C.M., Benzi, R. & Piva, R. 2005 Homogeneous isotropic turbu-
lence in dilute polymers. J. Fluid Mech. 531, 1–10.
Dean, R.B. 1978 Reynolds number dependence of skin friction and other bulk flow variables in
two-dimensional rectangular duct flow. Trans. ASME I: J. Fluids Eng. 100, 215–223.
Dimitropoulos, C.D., Sureshkumar, R., Beris, A.N. & Handler, R.A. 2001 Budgets of
Reynolds stress, kinetic energy and streamwise enstrophy in viscoelastic turbulent channel
flow. Phys. Fluids 13 (4), 1016–1027.
Eckhardt, B., Grossmann, S. & Lohse, D. 2007 Torque scaling in turbulent Taylor–Couette
flow between independently rotating cylinders. J. Fluid Mech. 581, 221–250.
Frohnapfel, B., Hasegawa, Y. & Quadrio, M. 2012 Money versus time: evaluation of flow
control in terms of energy consumption and convenience. J. Fluid Mech. 700, 406–418.
Fukagata, K., Iwamoto, K. & Kasagi, N. 2002 Contribution of Reynolds stress distribution
to the skin friction in wall-bounded flows. Phys. Fluids 14 (11), L73–L76.
Fukagata, K., Sugiyama, K. & Kasagi, N. 2009 On the lower bound of net driving power
in controlled duct flows. Physica D 238, 1082–1086.
Gatti, D. & Quadrio, M. 2016 Reynolds-number dependence of turbulent skin-friction drag
reduction induced by spanwise forcing. J. Fluid Mech. 802, 553–58.
Ge, M.-W., Xu, C.-X., Huang, W.-X. & Cui, G.-X. 2013 Transient response of enstrophy
transport to opposition control in turbulent channel flow. Appl. Math. Mech. 34 (2), 127–
138.
Hasegawa, Y., Quadrio, M. & Frohnapfel, B. 2014 Numerical simulation of turbulent duct
flows at constant power input. J. Fluid Mech. 750, 191–209.
Hassid, S. & Poreh, M. 1978 A Turbulent Energy Dissipation Model for Flows With Drag
Reduction. ASME. J. Fluids Eng. 100 (1), 107–112.
Jovanovic, J., Pashtrapanska, M., Frohnapfel, B., Durst, F., Koskinen, J. & Koski-
nen, K. 2005 On the mechanism responsible for turbulent drag reduction by dilute addition
of high polymers: theory, experiments, simulations and predictions. J. Fluids Eng. 128 (1),
118–130.
Jung, W.J., Mangiavacchi, N. & Akhavan, R. 1992 Suppression of turbulence in wall-
bounded flows by high-frequency spanwise oscillations. Phys. Fluids A 4 (8), 1605–1607.
Kasagi, N., Hasegawa, Y. & Fukagata, K. 2009 Towards cost-effective control of wall tur-
bulence for skin-friction drag reduction. In Advances in Turbulence XII (ed. B. Eckhardt),
, vol. 132, pp. 189–200. Springer.
Laadhari, F. 2007 Reynolds number effect on the dissipation function in wall-bounded flows.
Phys. Fluids 19 (038101).
Luchini, P. 2018 Structure and interpolation of the turbulent velocity profile in parallel flow.
Eur. J. Mech. B/Fluids 71, 15–34.
Luchini, P. & Quadrio, M. 2006 A low-cost parallel implementation of direct numerical
simulation of wall turbulence. J. Comp. Phys. 211 (2), 551–571.
Marusic, I., Joseph, D. D. & Mahesh, K. 2007 Laminar and turbulent comparisons for
channel flow and flow control. J. Fluid Mech. 570, 467–477.
Mele, B., Tognaccini, R. & Catalano, P. 2016 Performance assessment of a transonic
wing-body configuration. J. Aircr. 53 (1), 129–140.
Min, T., Kang, S.M., Speyer, J.L. & Kim, J. 2006 Sustained sub-laminar drag in a fully
developed channel flow. J. Fluid Mech. 558, 309–318.
Quadrio, M. 2011 Drag reduction in turbulent boundary layers by in-plane wall motion. Phil.
Trans. R. Soc. A 369 (1940), 1428–1442.
Quadrio, M., Frohnapfel, B. & Hasegawa, Y. 2016 Does the choice of the forcing term
affect flow statistics in DNS of turbulent channel flow? Eur. J. Mech. B / Fluids 55,
286–293.
Quadrio, M. & Ricco, P. 2004 Critical assessment of turbulent drag reduction through span-
wise wall oscillation. J. Fluid Mech. 521, 251–271.
Quadrio, M. & Ricco, P. 2011 The laminar generalized Stokes layer and turbulent drag
reduction. J. Fluid Mech. 667, 135–157.
25
Quadrio, M., Ricco, P. & Viotti, C. 2009 Streamwise-traveling waves of spanwise wall
velocity for turbulent drag reduction. J. Fluid Mech. 627, 161–178.
Ricco, P., Ottonelli, C., Hasegawa, Y. & Quadrio, M. 2012 Changes in turbulent dissi-
pation in a channel flow with oscillating walls. J. Fluid Mech. 700, 77–104.
Schultz, M.P. & Flack, K.A. 2013 Reynolds-number scaling of turbulent channel flow. Phys.
Fluids 25, 025104.
Spalding, D. B. 1961 A single Formula for the ”Law of the Wall”. J. Appl. Mech. 28 (3), 455
– 459.
Stroh, A., Frohnapfel, B., Hasegawa, Y., Kasagi, N. & Tropea, C. 2012 The influence of
frequency-limited and noise-contaminated sensing on reactive turbulence control schemes.
J. Turbulence 13 (N16), 1–15.
Sumitani, Y. & Kasagi, N. 1995 Direct Numerical Simulation of Turbulent Transport with
Uniform Wall Injection and Suction. AIAA J. 33 (7), 1220–1228.
Touber, E. & Leschziner, M.A. 2012 Near-wall streak modification by spanwise oscillatory
wall motion and drag-reduction mechanisms. J. Fluid Mech. 693, 150–200.
Xu, S., Dong, S., Maxey, M.R. & Karniadakis, G.E. 2007 Turbulent drag reduction by
constant near-wall forcing. J. Fluid Mech. 582, 79–101.
Zanoun, E., Nagib, H. & Durst, F. 2009 Refined Cf relation for turbulent channels and
consequences for high Re experiments. Fluid Dyn. Res. 41, 1–12.
Appendix A. The figure of merit for flow control
The assessment of flow control strategies in the CPI framework requires the definition
of a suitable figure of merit to quantify the control success. A sound figure of merit
consistently exceeds a threshold value, known a priori, when flow control is successful.
This simple requirement is satisfied by the ratio Ub/Ub,0 between the flow rate in the
controlled and uncontrolled channel. The control is successful if Ub/Ub,0 > 1, i.e. if flow
control yields a higher flow rate than an uncontrolled channel at the same Πt.
Other possible figures of merit do not fulfil the aforementioned requirement with CPI.
Notably, the condition Reτ/Reτ,0 < 1 expressing ”less drag” is also verified by unsuc-
cessful active control that wastes power Πc without positively affecting turbulence, hence
just lowering Πp.
Also the drag reduction rate R, defined as the relative change of skin-friction coefficient
Cf = 2τw/ρU
2
b , i.e.
R ≡ 1− Cf
Cf,0
, (A 1)
is not a suitable figure of merit for successful control at CPI. In fact, it can be easily
shown that R exceeding a certain value implies successful flow control. However, this
value is not known a priori and depends upon the unknown value of γ. This result can be
simply obtained by rewriting Cf as Cf = 2 (Reτ/Reb)
2
and by inserting the definition
(A 1) of R. One then eliminates Reτ in favour of Reb and ReΠ with Eq. (2.4), to obtain:
R = 1− (1− γ)
(
Reb,0
Reb
)3
. (A 2)
This expression leads to the conclusion that, at CPI, control is successful (i.e. Reb >
Reb,0) only when R > γ. Thus, the threshold value for R is control-dependent.
Among the other possible figures of merit, we also mention drag reduction rate, net
power saving and gain defined according to Kasagi et al. (2009). These quantities are
meaningful only for flows compared at CFR: simple algebraic steps like those described
above show why they do not work at CPG or CPI.
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Figure 12. Classic and present decomposition of the energy fluxes appearing in the extended
energy box, expressed in viscous units as a function of Reτ .
Appendix B. Re dependence of the energy fluxes in the uncontrolled
channel flow
A description of how the various energy fluxes in the extended energy box change their
relative importance with Re can be obtained by resorting to empirical relationships like
those discussed by Abe & Antonia (2016). Figure 12 represents all the energy fluxes, in
viscous units, and shows how they change with Reτ . The empirical fits φ
+ = 9.13 and
+ = 2.54 logReτ −6.72 are used (Abe & Antonia 2016). The usual decomposition shows
that φ+ is constant and represents the largest contribution to viscous dissipation at low
Re, while + grows logarithmically, becomes equal to φ+ at Reτ ≈ 600, and eventually
accounts for the majority of dissipation. On the other hand, φ+` is important at low Re
only, and eventually disappears for Reτ > 1000, where φ
+
∆ becomes nearly coincident
with φ+.
Figure 13 plots the same quantities but with power-based nondimensionalization. In
this representation, all quantities tend to zero for Re→∞, as shown by Eq.(2.2). Figure
14 is a replot of Fig. 13, but every quantity is now normalised by Πp. It is interesting
to observe how the cross-over point where φ = , known to occur at Reτ ≈ 600 or
ReΠ ≈ 36000, corresponds in this graph to the maximum of φ∆/Πp. Moreover, the
quantity φ∆ +  is observed to equal the pumping power in the limit of Re → ∞. We
note that φ∆ +  = P` is “wasted” total power which does not produce any flow rate,
and therefore quantifies the potential increase in flow rate if relaminarization of the flow
is achieved. At CPI, this characterisation of the high-Re limit allows us to identify the
asymptotic behaviour of expressions like (4.8), (5.8) and (5.9). This is indeed not trivial,
as there the group (αReΠ) appears, and α→ 0 when ReΠ →∞.
It is first shown that α→ 0 for infinite ReΠ. A preliminary step is to realise that the
bulk velocity normalised with the power based velocity tends to zero at infinite Reynolds
number; i.e. Ub → 0 for ReΠ →∞. Based on Eq. (4.6) and Eq. (2.3) one finds
1 = lim
ReΠ→∞
P`
Πp
=
UbαReΠ
1− γ . (B 1)
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Figure 13. Classic and present decomposition of the energy fluxes appearing in the extended
energy box, expressed in power units as a function of ReΠ.
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Figure 14. Classic and present decomposition of the energy fluxes appearing in the extended
energy box, expressed in power units as a function of ReΠ and normalized with Πp.
The FIK relation (4.7) gives that UbαReΠ = 1− γ−U2b , and substituting into the above
(B 1) leads to:
1 = lim
ReΠ→∞
P`
Πp
= 1− U
2
b
1− γ
implying that Ub → 0.
Now, the asymptotic behaviour for α can be easily arrived at by introducing the limit
Ub → 0 for ReΠ → ∞ into Eq. (4.4), which implies that α must tend to zero. If this
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is the case, the asymptotic behaviour of (B 1) requires αReΠ → ∞. This is the correct
limit to take, even though α→ 0.
In the limit of αReΠ →∞, Eq. (4.8) confirms that Ub → 0; Eq. (5.8) shows that φ` → 0,
which agrees with the visual observation in Fig. 14, and, consistently, from Eq. (5.9) it
can be seen that P` → 3(1 − γ)/ReΠ = Πp, indicating that the entire pumping power
will be transferred to turbulence.
The functional form for φ+ and +, discussed in the context of Fig. 7, implies a spe-
cific relationship between Reb and Reτ . Nondimensionalized in power units, the viscous
dissipation φ +  is an explicit function of ReΠ, given by Eq.(2.3), i.e. φ +  = 3/ReΠ.
Combining this expression with the empirical fits by Abe & Antonia (2016) for φ and 
recast in power units, one obtains the following relationship between ReΠ and Reτ :
ReΠ = (0.803 + 0.85 logReτ )
0.5
Re3/2τ .
Eliminating ReΠ with Eq. (2.4) from the above formula, one obtains for γ = 0:
Reb = (2.41 + 2.55 logReτ )Reτ . (B 2)
This formula is analogous to the one derived by Hasegawa et al. (2014) based on the
Deans’ correlation (Dean 1978) only, which reads
Reb = 7.3204Re
8/7
τ . (B 3)
By comparing the two expressions (B 2) and (B 3), one notices the slightly different
Reτ exponents, and – most importantly – the weak, logarithmic dependence of the pref-
actor upon Reτ in Eq. (B 2). Regardless of the numerical values of the coefficients, the
appearance of Reτ in the prefactor is a consequence of 
+ being a function of Reτ . Hence,
the Deans’ correlation in the form (B 3) implies that + does not vary with Reτ . A sim-
ilar observation holds for other empirical relationships linking Reb and Reτ obtained by
least-square fitting of skin-friction measurements at different values of Re and presented
in the form Cf = 2 (Reτ/Reb)
2
= f (Reb) (see for instance Dean 1978; Zanoun et al.
2009; Schultz & Flack 2013).
